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1. INTRODUCTION 
Let A4 be a compact Riemannian manifold, and let A denote its Laplace- 
Beltrami operator. The observed energy of a quantum particle whose con- 
figuration space is A4 and which is subject to the influence of a potential, 
q E P(M), can only take a discrete set of values, namely, the points in the 
spectrum of the Schrodinger operator A + q. On the basis of physical con- 
siderations, we should expect that, for very high values of the energy, the 
particle behaves like a classical particle. This general “correspondence prin- 
ciple” has been the source of many beautiful mathematical results, like the 
celebrated theorem of Weyl and Hormander [H] and the results of 
Duistermaat and Guillemin on the spectrum of elliptic operators and 
periodic bicharacteristics [DG]. In this paper we look at the special case 
when A4 is the standard n-sphere. The spectrum of A + q forms “bands” of 
fixed width around the spectrum of the Laplacian, A. We show that, under 
certain assumptions on q, there is a correspondence between clustering in 
the bands and the existence of closed classical orbits, i.e., integral curves 
of the Hamiltonian I * I’+ q on T*S”. We do this in two steps. First, in 
Sections 2-3, we prove a theorem on the existence of closed orbits. The 
proof is based on a result of Moser [Ml, which in turn is based on the 
“averaging method.” We present a version of Moser’s result adapted to our 
purposes (Theorem 2.4); then, by resealing, we prove the existence of 
families of high-energy closed orbits, Iv,}, on T*S” (Theorems 3.1 and 3.2). 
For example, in the case of the spherical pendulum (n= 2) the closed 
orbits predicted by our theorem are Huygens’ horizontal trajectories 
(parallels below the equator). 
In the second part of the paper we relate the asymptotic behavior of the 
periods T(r) of the trajectories {y,} to the spectrum of A + q. It turns out 
that the eigenvalues in the kth band accumulate, as k t co, around the coef- 
ficient of the second term in the Taylor series of T(r) at infinity. In dimen- 
sion 2 we make this more precise by considering certain quasimodes 
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associated with the family {y,}. Finally, Section 6 contains some formal 
computations pertaining to the averaging method which are necessary to 
handle the case of odd potentials. 
2. CLOSED ORBITS AND THE AVERAGING METHOD 
Let (X, 52) be a conic symplectic manifold. Thus, Q is a symplectic form 
on the manifold X and we are given a free IW+-action on X such that, for 
every TE lR+, r*S2= rQ. Suppose that we are also given a homogeneous 
function of degree one, 
H,: x-t Iw+, (2.1) 
which is a submersion with compact level surfaces. Furthermore, assume 
that the trajectories of &,, the Hamiltonian vector field associated with H,,, 
are all closed with the same period, say, 27~. The example we have in mind 
is X= T*S” - (01 and H,, = 1.1, the Riemannian norm function. In this sec- 
tion we will study what happens to the previous picture when we perturb 
H, a little. 
Let 2 = H;‘(l), and introduce the quotient manifolds 
B= X/S’, 0 = z/s’, 
where the $-action on X (and on Z) is the one defined by the flow of &,. 
We will denote by x: Z + 0 the natural projection. As is well known, the 
manifold Co admits a unique symplectic form, o, such that 7c*o = Q I=. As 
for B, it inherits an Iw +-action induced by the given one on X. The function 
Ho defines diffeomorphisms, 
xrzx Ia+, BrBxR+. 
Let { , } denote the Poisson bracket on X. Given a function, 
GE Cm(X), such that {G, H,} = 0, there is a unique function go C”(B), 
whose pull-back to X is G. Let 2~ C”(0) be the restriction of g to 0. 
2.1. PROPOSITION. Suppose G is homogeneous of degree m and 
(G, H,) = 0. Let H, = Ho + EG, and suppose that u E 0 is a criticaI point of 
2. Then, for small E, y = n- ‘(a) is a periodic trajectory of H, which is non- 
degenerate if and only if a is a non-degenerate critical point of 8. Further- 
more, the period of y as an orbit of H, is 
(2.2) 
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ProoJ We will prove that, if 0 is the Hamiltonian vector field 
associated with G, then 
0 = mg( a) So (2.3) 
at every point of y. Let h E C”(B) be the function whose pull-back to X is 
H,. Since a is a critical point of g, by Lagrange multipliers there exists 
a E R such that 
(&I, = 4dh)a. (2.4) 
Evaluating (2.4) on the infinitesimal generator of the R+-action on B and 
using the homogeneity assumptions, we find that mg(a) = a. This implies 
(2.3). It follows easily that y is a periodic orbit of H, with period given by 
(2.2). 
Let r be the Hamiltonian vector field on 0 associated with @. The Poin- 
care map of the flow of H, restricted to 2 associated with y can be iden- 
tified with 
d(exp ET,<): T,O + T,O. (2.5) 
Let A be the infinitesimal generator of the one-parameter group of sym- 
plectomorphisms of T,O, tMd(exp tr). It is well known that, if (&g), is 
the Hessian of 2 at a, then, for all u, w  E T,, 
(d*g’),(u, w) = w,(Au, w), 
Hence (d*g), is non-degenerate if and only if A does not have zero as an 
eigenvalue, that is, iff the Poincare map (2.5) does not have one as an 
eigenvalue for small E. Q.E.D. 
Now suppose that we have a smooth, one-parameter family of functions 
H, E Cm(X) such that H,,, =O is the function (2.1). Could we prove a result 
similar to Proposition 2.1 for a general perturbation like this? The answer 
is yes; the following “averaging lemma” says that all perturbations are 
more or less equivalent, for small E, to the ones considered previously. 
2.2. LEMMA. For every integer k 2 1 there exists a smooth family of 
canonical transformations, !Py,: X -+ X, such that !PO = Z and if ‘Y,*H, = H, + 
EH:’ + ... +(l/k!)?H: +O(E“+‘) as ~--to, then (H,, H,?}=Ofor all j, 
1 Gj<k. 
The proof is an application of the averaging method; see Section 6. In 
fact, using the formula (6.1), we can write down H:, HT. For every 
HE P(X), define 
(exp t&J* H dt (2.6) 
607 5X!%6 
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and 
-1 2n 
~(H)=nj 
0 
dt/‘(exp&,)* Hds. 
0 
(2.7) 
It is easy to see that {Ho, Ha’) = 0. 
2.3. LEMMA. Take k>2 in Lemma 2.2 and let HI, H2 E Cm(X) be such 
that 
H, = Ho + EH, + &‘H, + O(E*) 
as E + 0. Then, with the notation of Lemma 2.2, 
Hf=H; 
and Hf = [{z(H,), H,} + H21av. 
We can now state the main result of this section. 
2.4. THEOREM (See Moser [Ml). Keeping the notation introduced above, 
let h, E C*(0) be such that n*h, = Hylz. Suppose that tl E 0 is a non- 
degenerate critical point of h, . Then there exists a family, { y,}, of closed tra- 
jectories of H, defined for small E and such that: 
(4 YF WE= lf, 
(b) y, approaches n-‘(a) as E -+ 0. 
Furthermore, if H, is homogeneous of degree m, the period, T,, of yE 
satisfies 
as &+O. 
T, = 274 1 - EmhI( + O(E’), (2.8) 
If Hy = 0, then the above holds with h, replaced by the function h, such 
that 
x*h2= [I{Wf,), H,) +;H21avlz 
and with (2.8) replaced by 
T, = 2n[ 1 - ts2mh2(a)] + O(E~). 
Proof: By Lemma 2.3, it is enough to prove the theorem with H, 
replaced by H,#. Let U=H,-‘(l-6, 1+6) for some 6, 0~~5~1. U is a 
tubular neighborhood of Z; let p: U + Z be its projection. By compactness 
of Z, the level surface, 
Z,=W,#)-‘(0 
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is contained in U as a section of p if E is small enough. Let s, be such a sec- 
tion; it induces a diffeomorphism 
s,: z + z,. 
Denote by 0, the vector field on Z which is related via s, with the restric- 
tion to Z, of the Hamiltonian vector field of Hf. It is clearly enough to 
find closed trajectories of O,, for small E, branching off from y0 = x-‘(cl). 
This follows from Proposition 2.1; 0, is a perturbation of order O(a2) of 
the Hamiltonian vector field associated with Ho + EH;“. Non-degeneracy of 
M implies the non-degeneracy of y0 as a trajectory of H, + EH~, so it sur- 
vives small perturbations. The statement about T, follows from (2.2). 
Q.E.D. 
3. A CLASSICAL PARTICLE ON S 
Consider X= T*S” - (O}, Ho = 1.1 the Riemannian norm on X, and a 
potential function, q E Cm(F), which we think of as a function on X. The 
motion of a classical particle on S” subject to the potential q is then 
described by the Row on X of the Hamiltonian vector field associated with 
H;+q. 
Keeping the notation of Section 2, let Z = H;‘( I) be the unit cosphere 
bundle of S”. Geodesic flow defines an S’-action on Z; 0 =ZJS’ is the 
space of oriented geodesics. Let rc: Z -+ B be the natural projection and 
p: Z + S” the cotangent fibration. We will denote by @E (Y(O) the 
generalized Radon transform of q, given by 
3.1. THEOREM. Let a E 0 be a non-degenerate critical point of 4. Then 
there exists a smooth family of closed curves in X, {y,), defined for r large, 
and such that 
(4 yr is an integral curve of Hi + q on the energy surface 
(H;+q=r2}, 
(b) r -‘(y,) approaches y = ~‘(a) as rt 00. 
Furthermore, if T(r) denotes the period of yr, then 
(3.1) 
as rTa. 
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Proof: Introduce the family of functions 
H, = (Hi + Eq)? 
Then, as E -+ 0, H, = HO+&HI + &*H, + 0(c3) where H, = tqH,-’ and 
Hz = --iq2Hc3. We can now apply Theorem 2.4 to obtain the existence of 
{x’>, a family f 1 d o c ose trajectories of H,, where z’c {H, = 1 }. Moreover, 
the period function, T,, of 7, satisfies T, = 271[ 1 + #CX) E] + O(E~). 
Having found closed orbits for H, we will obtain closed orbits for H = 
(Hi + q)“2 by resealing. 
Notice that, for every r E R +, 
r*H= rHr-2. (3.2) 
For large r, define y, = r(y,-2). It is easy to see that yr c {H = r}. Moreover, 
since r*SZ = rQ (where 52 is the symplectic form on X), 
r*( ZreH) = rS,. (3.3) 
We have designated by ZG the Hamiltonian vector field associated with the 
function G. Equations (3.2) and (3.3) imply 
r.+(EH,m2) = EH. 
Hence y, is an integral curve of H. Furthermore if T”(r) denotes the period 
of y, as a trajectory of ZH, then 
T#(r) = T(r-*). 
Since C?~Z = 2H.F, and y, c (H = r }, 2rT(r) = T#(r). The theorem follows. 
Q.E.D. 
One case in which Theorem 3.1 does not give any information is when q 
is identically zero. This happens if and only if q is an odd function; see 
[Gl]. In that case we must consider the function 
i H&3(q2)“’ -& Hg* j’^  dt jr {(exp t&)* q, (exp s&)* q} ds. (3.4) 
0 0 
3.2. THEOREM. If q is an odd function, (3.4) Poisson-commutes with Ho. 
Moreover, if GE Cm(O) is the corresponding function on 0 and a is a non- 
degenerate critical point of G, then there exists a family { y,} of closed orbits 
satisfying (a), (b) of Theorem 3.1. If T(r) is the period of y,, then 
asrtco. 
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The proof is identical to the proof of Theorem 3.1. The function (3.4) is 
the function H,# of Lemma 2.3 when qa’ = 0; see Lemma 6.3, particularly 
Eq. (6.2). 
4. BAND ASYMPTOTES; ODD POTENTIALS 
Let q E Cm(Sn) be a real-valued function, and let d be the (positive) 
Laplace-Beltrami operator on s”. The spectrum of the Schrodinger 
operator, A + q, forms bands of bounded width around the spectrum of A. 
More precisely, if Ak = k(k + n - 1) is the kth eigenvalue of A, there is a 
constant C such that 
Spec( A + q) c G [A, - C, & + C]. 
k=O 
For large k, the intervals Ik = [& - C, Ak + C] are disjoint; let pik’,..., ~5:’ 
be the eigenvalues of A + q in Ikr counted with multiplicity. The dis- 
tribution of the shifted eigenvalues Ajk) = & - pjk) has very interesting 
asymptotic properties; see [G2], [W], [Cl. Specifically, let 
be the measure describing the distribution of eigenvalues in the kth band. 
Then: 
4.1. THEOREM (Weinstein [WI). As k 7 co, the measures vk converge 
weakly to the measure 
4,WL (4.1) 
where dv is the multiple of the Liouville measure on 0 such that jQ dv = 1, 
and 6 is as in Section 3. 
Recall that 4 = 0 if and only if q is an odd function. We will prove: 
4.2. THEOREM. If q is odd, the sequence of measures k2vk converges 
weakly to the measure 
$,W)> (4.2) 
where G is the function of Theorem 3.2. 
The remainder of this section is devoted to proving Theorem 4.2. We 
begin by recalling the following basic result. 
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4.3. LEMMA (Guillemin [G2]). There exists a zeroth-order self-adjoint 
pseudodifferential operator (!PDO), Q, such that 
(a) Q commutes with A, 
(b) A + q and A + Q are unitarily equivalent via an invertible !PDO. 
The proof is an application of the averaging method (compare with 
Lemma 2.2). If Vk denotes the space of kth-order spherical harmonics, then 
Q( V,) c V, and it is clear that the spectrum of Ql Vk is precisely 
{ jlp,..., /I:;’ 1; in particular dk = dim V,. Thus, in order to prove 
Theorem 4.2 we need to get a hold of the operator Q. 
Let A be the operator on L’(P) whose restriction to Vk is 
“multiplication by k.” A is an elliptic, first-order, self-adjoint !PDO whose 
principal symbol is H, = 1.1, the Riemannian norm function. For every 
!PDO, P, let 
Pa’ =A j2n U(t) PU(t) dt (4.3) 
0 
and 
;z(P) =& j;” dt j’ U(s) PU( -s) ds, 
0 
(4.4) 
where U(t) = exp ;tA. If p is the principal symbol of P, then, by Egorov’s 
theorem, Pa” and z(P) are !PDO of the same order as P and with symbols 
P av, ;~(p), respectively (see Eqs. (2.6) (2.7)). For clarity, denote by M, the 
operator “multiplication by q.” We can then describe the operator Q, 
modulo operators of order ( - 3) as follows: 
4.4. LEMMA. We can choose the operator Q of Lemma 4.3 to be of the 
f orm 
Q = (M,)“’ + R, 
where R is a Y?DO of order (-2) whose principal symbol, restricted to Z, 
equals 
t c(42)ay - w’)21 +; MdY 4”“) 
1 2n 
’ -- 
s s 
dt 
87ro o 
{ (exp tE)* q, (exp sB)* q} ds. (4.5) 
Proof One can easily check that, if B = A + (n - 1)/2, then B2 = A + 
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(n - 1)2/4. Hence, it is enough to prove the lemma for the operator 
B2 + M,. Let E be defined by 
(B2 + Mq)1’2 = B + E. 
This equation is easily seen to be equivalent to 
M, = 2BE + [E, B] + E2. 
This shows that E is of order (- 1) with principal symbol $H;‘q. Hence, 
we can take the operator 
E,=$(B-‘M,+M,B-‘) (4.61 
as an approximation to E to order ( - 1). Next, let E, = E - E, . As we will 
see below, E, is of order ( - 3). Hence we can apply Lemma 6.3 to P = A + 
E, + E2. It follows that, modulo operators of order ( -4) (B2 + Mq)I12 is 
unitarily equivalent to 
B+ Ey + $[z(E,), Ella” + Ea2y. (4.7) 
The choice of E, was made so that 2BE;” = My. Hence, when we square 
(4.7) we obtain an operator of the form My + R, where R is of order ( - 2). 
The final ingredient needed to show that the principal symbol of R is (4.5) 
is a computation of the principal symbol of E,: 
4.5. LEMMA. The operator E, is of order (- 3) and principal symbol 
-‘H-3 8 cl 42++!fi?{f&3, (4, f&y’}}. (4.8) 
Proof: For every !PDO, P, on S”, let 
Y(P) = 2BP + [P, B]. 
By definition, E is the !PDO satisfying 
M, = LZ’( E) + E2. 
Replacing E by E, + E2 and neglecting terms of order (- 3), we get 
M, = Lf(E,) + LZ(E2) + E: mod( - 3). 
It is not hard to see that 
=WEI)=M,++[B, [M,, B-‘I], 
and so the previous equation becomes 
2BE, + [E2, B] = -+[B, [M,, B-‘-J] -ET, 
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modulo operators of order (-3). The right-hand side of this identity is of 
order ( -2); hence Ez must be of order ( - 3) and its symbol satisfies 
2H,a(E,) = +( [B, [M,, B-‘I]) - &2q? 
This proves Lemma 4.5. The remaining computations in the proof of 
Lemma 4.4 will be omitted. (See the proof of Lemma 6.3.) Q.E.D. 
With Lemma 4.4 at hand, the proof of Theorem 4.2 is easy. If q is odd, 
then (M,)“’ = 0 and conversely; see [G3]. By Proposition 4.4, the operator 
Q is of order (-2) and its principal symbol, considered as a function on 0, 
is precisely a (compare (4.5) and (3.4) when q”‘= 0). Theorem 4.2 now 
follows immediately from the theory of band invariants; see [W], [G2], 
[U]. The function irc$ is precisely the symbol of Guillemin’s return 
operator, 
i 
(n- 1)2 
) 
112 
W=(-l)“-‘exp2zi A+T+q -I, 
when q is odd (see [G3; Theorem 11). This also follows directly from our 
previous computations. 
5. CLUSTERING WITHIN THE BANDS 
Let. c E R be a singularity of the measure (4.1). Then c is necessarily a 
critical value of 4. If c = g(a), where o! is a non-degenerate singularity of q, 
then Theorem 3.1 holds and we find closed orbits, {y,}, for the classical 
Hamiltonian Hi + q whose periods are approximately zr-’ + (n/2) cr-3, 
for r large. Thus the singularity c appears as the second term in the 
asymptotic expansion of the periods of the y,. A similar statement holds for 
odd potentials, with q replaced by a. 
On the other hand, if c is a singularity of the limit of the measures Yk 
(Theorem 4.1), the spectrum of d + q must accumulate around the values 
1, + c, as k t co. Thus we have found another instance of the correspon- 
dence between clustering in the spectrum and existence of closed orbits. In 
this section we will attempt to make this more precise: 
5.1. THEOREM. Let c E Image 4, and iet { pk} be a sequence Of t?igenValUt?S 
of A + q minimizing I& + c - &I, for every k. Then 
I& + c - &( = O(k-I’*). (5.1) 
Furthermore, at least on S*, if c is a critical value of 4, (5.1) can be improved 
to O(k -3’2). 
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Proof. Let a E 0 be such that c = q(a). Let (x1, x2,..., x, + 1) be Cartesian 
coordinates in R” + I. Without loss of generality, we may assume that the 
geodesic corresponding to a is the equatorial geodesic, intersection of S” 
with the (x1, x,)-plane. Let 4 be the complex-valued function x1 + fi x2 
restricted to S”. The L2-closure of the set (#‘, k = 0, 1, 2,... > is the space of 
quasimodes associated with the equatorial geodesic ([G4], [U]). The 
proof of Theorem 5.1 consists in analyzing to what extent the functions 
{d”} are still good quasimodes for the operator A + Q of Lemma 4.3. 
Let us introduce the following notation. For every !PDO, P, on s”, 
define 
where ( , ) designates the L2-inner product on s”. As Guillemin proves in 
[G4], the numbers a,(k) possess an asymptotic expansion 
op(k)m f ajkmpJ (5.2) 
j=O 
as k t co, where m is the order of P and a, is the average of the principal 
symbol of P over the equatorial geodesic. We have elaborated on this in 
[U]; our results will enable us to get hold of the numbers 
W) = Mkll -’ IltQ -Ml) #“II 
where o(k) = o&k) and (1. I( is the L2-norm on s”. 
5.2. LEMMA. T(k) = bk-‘12 + O(k-3’2) as k t CD. Furthermore, in dimen- 
sion 2, 
and so I’(k) = O(k-3/2) if and only if a is a critical point of 4. 
Before proving this lemma, let us see how it implies Theorem 5.1. Let V, 
be the space of kth-order spherical harmonics, and, for every k, let ~6 be an 
eigenvalue of (Q - a(k)) I vk with minimal absolute value. By the minimax 
principle, 
(t;)* 6 r2(k). (5.3) 
Let zk = zb + o(k); this is an eigenvalue of Q. Inequality (5.3) is equivalent 
to 
-r(k) 6 tk - a(k) < T(k), 
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which we shall write as 
-T(k) < (Tk - c) + (c-o(k)) < z-(k). (5.4) 
By the remarks that we made about (5.2), we know that c - a(k) = O(k-I). 
This, together with (5.4) and Lemma 5.2, proves the theorem for the 
sequence of eigenvalues (1, + r,}, and hence a fortiori for (pk}. 
Now a few words about the proof of Lemma 5.2. It is easy to see that 
z-2(k) = OQ2(k) - (o(k))? (5.5) 
At this point we need a few results from [U] in order to get a hold of ag:. 
5.3. LEMMA. Let o(k) = c + c,k-’ + O(k-2). Then aQz(k) = c2 + (2cc, + 
Dl(4, a)(a)) k-l + W-‘1, w  ere D, is a certain bidifferential operator on 0. h 
In dimension two, D1(Q, 4) = $ IVql’. 
The reader can find the proof of this lemma in Section 6 of [U]; see in 
particular Lemma 6.5. It follows that 
r’(k) = D,(q, g)(a) k-’ + O(kP2). 
This proves Lemma 5.2. 
For odd potentials the corresponding theorem is: 
Q.E.D. 
5.4. THEOREM. Let q E I?(,!$“) be odd and let c G Image t. Then, if { pLk} 
is as in Theorem 5.1, 
ILk+c-pkl = O(k-3’2). 
Furthermore, in dimension two, the above estimate can be improved to 
O(k- 5’2) if c is a critical value of G. 
6. FORMAL AVERAGING 
In this section we present the averaging method in a formal setting. We 
want to be able to prove Lemmas 2.3 and 4.3 in a way as constructive as 
possible. 
Let 9 be an (infinite-dimensional) Lie algebra, and let r > 0 be an integer. 
We will say that 9 is z-graded if we are given a graduation of 9 by sub- 
spaces, yk3ykL1, g=UkeZgk such that Cgk,f,l~f~+,-,. For example, 
the algebra of !PDO on a manifold is l-graded if we let gk consist of the 
YDO of order d k. 
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We will assume that we can exponentiate elements of 9 onto the adjoint 
group of 9 in such a way that the usual identity 
(exp P). Q = f f ad”,(Q), P, Q E 8, 
n=O . 
holds. As usual, ad,(Q) = [P, Q] an we have denoted the action of the d 
adjoint group of g on 9 by a dot. Since we are only interested in formal 
computations, we will not be concerned with questions of convergence. 
Suppose that we are given a distinguished element, A E g,, such that 
exp tA is periodic in t of period 27-c. For every Q E 8, let 
and 
Notice that, since A E: g,, ad,, and hence exp A, preserves the gradation 
of 8. 
6.1. LEMMA. [A, Q”“] =0 and [A, T(Q)] = Q - Qav. 
Proof: We use the identity 
[A, (exp tA) . Q] = i (exp tA) . Q. 
Everything follows from this; for example, 
CA, 7(Q)] = -& j2= ((exp ~4). Q - Q) dt 
0 
= Q - Q”“. Q.E.D. 
Now let Q E gko, where k, < I, and consider the perturbation of A, 
P=A+Q. 
6.2. LEMMA. Under the action of the adjoint group, P can be mapped into 
an element of 9 of the form A f Q”” + Q #, where Q # is of order 
2k0 - I -C k,. Furthermore, 
Q# = tC7(Qh Q + Q=‘l 
module elements of order 3k, - 21. 
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Proof: Let F= exp Z(Q). We have 
F. A = A + Q”’ - Q + f 4 ad:&A), 
n=2 n. 
by Lemma 6.1. Hence, 
F.P=A+Qav+ f Q,, 
n=l 
where 
Qn= ' -ad:,;f(A)+~ad:,,,(Q). (nt l)! 
Notice that both summands in the definition of Q,, are of order 
(n + 1) k,, - nr, which is a decreasing function of n since k, < z. Using again 
Lemma 6.1, we can rewrite Qn as 
1 
Qn = (n + 1 )! ad:,Q,(Q"') + 5 ad&,(Q). 
Lemma 6.2 follows. Q.E.D. 
Iterating the averaging method, we can prove the following lemma, 
which is precisely what we need for Lemmas 2.3 and 4.4. 
6.3. LEMMA. Consider P = A + Q + R, where Q is as above and R is oj 
order 2k, - 1. Under the action of the adjoint group, P can be mapped to an 
element of gz which equals 
A + Q”” + $[z(Q,, Qlav + R”’ (6.1) 
module elements of order (2k, - l- 1). Furthermore, if Q”” = 0, (6.1) can be 
replaced by 
A + R”’ - & 1,2” dt !-; [U(t). Q, U(s). Q] ds, (6.2) 
where U(t) = exp tA. . 
Proof: Let Qx be the operator of Lemma 6.2, so that P can be con- 
jugated to PI = A + Q”” + Q # + R module elements of order (2k, - I - 1). 
If we apply exp(r(Q” + R)) to PI, we obtain an element which equals 
A + Q”” + Q[r(Q,, Q]=” + &z(Q), Q”” I”‘+ R”’ 
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mod (2k, - l- 1). Using the identity 
U(t).r(Q)=~(e,-tQa”+j-; U(s).Qds, (6.3) 
one can prove that (z(Q))~” = +cQav and thus [r(Q), Q”“]“” = 0. Equation 
(6.2) also follows from (6.3) if we assume Q”’ = 0. Q.E.D. 
To apply Lemma 6.3 to “classical averaging” (Lemma 2.3), we take 9 to 
be the vector space of functions of the form fl, where HE C”(X) andf is a 
smooth function on the real line defined in a neighborhood of zero. For 
every k < 0, gk consists of those functions fH E 9 such that f vanishes to 
order -(k + 1) at zero, and the bracket is the Poisson bracket on X, 
Then g is O-graded, and the function H, of Section 2 can play the role of 
the element A of this section. Thus, Lemma 2.3 follows from Lemma 6.3. 
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